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Abstract
In this paper, we introduce the expansion function δ on an L-module M .
We define and investigate a δ-primary element in an L-module M . Its charac-
terizations and many of its properties are obtained. δ0-primary and δ1-primary
elements of an L-module M are related with 2-absorbing, 2-absorbing primary
elements of an L-module M to obtain their special properties. The element
δ1(N) ∈ M is related to rad(N) ∈ M , the radical element of M to obtain its
properties where N ∈ M . We define a δL-primary element in an L-module M
where δL is an expansion function on L and find relation among a δL-primary
element of M and its corresponding δL-primary element of L.
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1 Introduction
The study of expansions of ideals with δ-primary ideals for commutative rings and
semirings is carried out by D. Zhao in [17] and S. Atani et. al. in [3] respectively.
Further work on δ-primary co-ideals of a commutative semiring and on δ-primary
submodules of modules is carried out by S. Atani et. al. in [4] and G. Yesilot et. al.
in [16] respectively. In multiplicative lattices, the study of δ-primary elements is
done by C. S. Manjarekar and A. V. Bingi in [11]. Our aim is to extend the notion
of δ-primary elements in a multiplicative lattice to the notion of δ-primary elements
in a lattice module and study its properties.
A multiplicative lattice L is a complete lattice provided with commutative, as-
sociative and join distributive multiplication in which the largest element 1 acts as
a multiplicative identity. An element e ∈ L is called meet principal if a ∧ be =
((a : e) ∧ b)e for all a, b ∈ L. An element e ∈ L is called join principal if
(ae ∨ b) : e = (b : e) ∨ a for all a, b ∈ L. An element e ∈ L is called principal
if e is both meet principal and join principal. An element a ∈ L is called compact if
for X ⊆ L, a 6 ∨X implies the existence of a finite number of elements a1, a2, · · ·, an
2in X such that a 6 a1 ∨ a2 ∨ · · · ∨ an. The set of compact elements of L will be
denoted by L∗. If each element of L is a join of compact elements of L then L
is called a compactly generated lattice or simply a CG-lattice. L is said to be a
principally generated lattice or simply a PG-lattice if each element of L is the join
of principal elements of L. Throughout this paper, L denotes a compactly gener-
ated multiplicative lattice with 1 compact in which every finite product of compact
elements is compact.
An element a ∈ L is said to be proper if a < 1. A proper element p ∈ L is called
a prime element if ab 6 p implies a 6 p or b 6 p where a, b ∈ L and is called a
primary element if ab 6 p implies a 6 p or bn 6 p for some n ∈ Z+ where a, b ∈ L∗.
For a, b ∈ L, (a : b) = ∨{x ∈ L | xb 6 a}. The radical of a ∈ L is denoted by √a
and is defined as ∨{x ∈ L∗ | xn 6 a, for some n ∈ Z+}. According to [10], a proper
element q ∈ L is said to be 2-absorbing if for all a, b, c ∈ L, abc 6 q implies either
ab 6 q or bc 6 q or ca 6 q. According to [8], a proper element q ∈ L is said to be
2-absorbing primary if for all a, b, c ∈ L, abc 6 q implies either ab 6 q or bc 6 √q
or ca 6
√
q. The reader is referred to [1], [8] and [10] for general background and
terminology in multiplicative lattices.
Let M be a complete lattice and L be a multiplicative lattice. Then M is called
L-module or module over L if there is a multiplication between elements of L and
M written as aB where a ∈ L and B ∈M which satisfies the following properties:
1© (∨
α
aα)A = ∨
α
(aα A)
2© a(∨
α
Aα) = ∨
α
(a Aα)
3© (ab)A = a(bA)
4© 1A = A
5© 0A = OM , for all a, aα , b ∈ L and A,Aα ∈ M where 1 is the supremum of
L and 0 is the infimum of L. We denote by OM and IM for the least element and
the greatest element of M respectively. Elements of L will generally be denoted by
a, b, c, · · · and elements of M will generally be denoted by A,B,C, · · ·
Let M be an L-module. For N ∈ M and a ∈ L , (N : a) = ∨{X ∈ M | aX 6
N}. For A,B ∈ M , (A : B) = ∨{x ∈ L | xB 6 A}. If (OM : IM ) = 0 then M is
called a faithful L-module. An L-moduleM is called a multiplication lattice module
if for every element N ∈ M there exists an element a ∈ L such that N = aIM . An
element N ∈M is called meet principal if (b∧(B : N))N = bN∧B for all b ∈ L,B ∈
M . An element N ∈M is called join principal if b∨ (B : N) = ((bN ∨B) : N) for all
b ∈ L,B ∈M . An element N ∈M is said to be principal if N is both meet principal
and join principal. M is said to be a PG-lattice L-module if each element ofM is the
join of principal elements of M . An element N ∈ M is called compact if N 6 ∨
α
Aα
implies N 6 Aα1 ∨Aα2 ∨ · · · ∨Aαn for some finite subset {α1, α2, · · ·, αn}. The set of
compact elements of M is denoted by M∗. If each element of M is a join of compact
elements of M then M is called a CG-lattice L-module. An element N ∈M is said
to be proper if N < IM . A proper element N ∈M is said to be maximal if whenever
there exists an element B ∈M such that N 6 B then either N = B or B = IM . A
proper element N ∈M is said to be prime if for all a ∈ L, X ∈M , aX 6 N implies
either X 6 N or aIM 6 N . A proper element N ∈ M is said to be primary if for
3all a ∈ L, X ∈ M , aX 6 N implies either X 6 N or anIM 6 N for some n ∈ Z+.
A proper element N ∈ M is said to be a radical element if (N : IM ) =
√
(N : IM )
where
√
(N : IM ) = ∨{x ∈ L∗ | xn 6 (N : IM ) for some n ∈ Z+}. A proper
element N ∈M is said to be semiprime if for all a, b ∈ L, abIM 6 N implies either
aIM 6 N or bIM 6 N . A proper element N ∈M is said to be p-prime if N is prime
and p = (N : IM ) ∈ L is prime. A proper element N ∈ M is said to be p-primary
if N is primary and p =
√
N : IM ∈ L is prime. A prime element N ∈ M is said
to be minimal prime over X ∈ M if X 6 N and whenever there exists a prime
element Q ∈ M such that X 6 Q 6 N then Q = N . According to [12], a proper
element Q of an L-module M is said to be 2-absorbing if for all a, b ∈ L, N ∈ M ,
abN 6 Q implies either ab 6 (Q : IM ) or bN 6 Q or aN 6 Q. According to [5],
a proper element Q of an L-module M is said to be 2-absorbing primary if for all
a, b ∈ L, N ∈ M , abN 6 Q implies either ab 6 (Q : IM ) or bN 6 (
√
Q : IM )IM or
aN 6 (
√
Q : IM )IM . The reader is referred to [2], [6], [7], [9] and [13] for general
background and terminology in lattice modules.
According to [11], an expansion function on a multiplicative lattice L is a function
δ : L −→ L which satisfies the following two conditions: 1© a 6 δ(a) for all a ∈ L,
2© a 6 b implies δ(a) 6 δ(b) for all a, b ∈ L and further given an expansion function
δ on L, an element p ∈ L is called δ-primary if for a, b ∈ L, ab 6 p implies either
a 6 p or b 6 δ(p).
This paper is motivated by [11],[16] and [17]. It should be mentioned that apart
from new results obtained, there is a significant difference between some results ob-
tained in this paper and the already existing ones in [11] because principal elements
of M are used wherever needed and some more conditions have to be imposed on
M . The most important outcome of this paper is the result (∧
α
aα)IM = ∧
α
(aαIM )
which is presented as Lemma 3.3 and this result is somewhat close to the dual of
property 1© in the definition of an L-module M . We define a meet prime element in
an L-moduleM and prove that every maximal element in a multiplication L-module
M is meet prime. This result is presented as Lemma 3.6.
In the first section of this paper, we introduce expansion function on an L-module
M and study δ-primary elements of M which unify prime and primary elements of
M . In the second section, we define a special property of expansion function on
an L-module M . Then we obtain special properties of δ0-primary and δ1-primary
elements in an L-module M by relating them with 2-absorbing and 2-absorbing
primary elements of M . Also, some properties of the element δ1(N) ∈M are found
by relating it with rad(N) ∈ M where N ∈ M . In the last section, given an
expansion function δL on L, a δL-primary element of an L-module M is defined
and its characterizations are obtained. Finally, with respect to expansion function
δ on L, we find the interrelation between an element in an L-module M and its
corresponding element in L.
We denote expansion function on a multiplicative lattice L by δL instead of δ
wherever needed to distinguish it from expansion function δ on an L-module M .
42 Expansion function δ on M and δ-primary element of
M
We begin with introducing the notion of an expansion function on an L-module
M .
Definition 2.1. An expansion function on an L-module M is a function δ :
M −→M which satisfies the following two conditions:
1©. A 6 δ(A) for all A ∈M .
2©. A 6 B implies δ(A) 6 δ(B) for all A, B ∈M .
The reader can verify that the following functions on an L-moduleM are expan-
sion functions:
1. the identity function δ0 :M −→M defined as δ0(A) = A for all A ∈M .
2. the function δ1 : M −→ M defined as δ1(A) = (
√
A : IM )IM for all A ∈ M
provided M is a multiplication lattice module.
3. the function δ2 : M −→ M defined as δ2(A)=∧{ H ∈ M | A 6 H and H is a
maximal element of M } for all proper elements A ∈M and δ2(IM ) = IM .
The following result shows that the arbitrary meet of any collection of expansion
functions on an L-module M is again an expansion function on M .
Theorem 2.2. Given any two expansion functions γ1 and γ2 on an L-module M ,
define a function δ : M −→ M as δ(A) = γ1(A) ∧ γ2(A) for all A ∈ M . Then δ is
also an expansion function on M .
Proof. Let A ∈ M . Then as γ1 and γ2 are expansion functions on M , we have
A 6 γ1(A) and A 6 γ2(A) which implies A 6 γ1(A) ∧ γ2(A) = δ(A). Now for
A, B ∈ M , let A 6 B. Then as γ1 and γ2 are expansion functions on M , we have
γ1(A) 6 γ1(B) and γ2(A) 6 γ2(B). So γ1(A)∧γ2(A) 6 γ1(B)∧γ2(B) which implies
δ(A) 6 δ(B) and hence δ is an expansion function on M .
We now introduce the notion of δ-primary elements of an L-module M which is
the generalization of the concept of δ-primary elements of L studied in [11].
Definition 2.3. Given an expansion function δ on an L-moduleM , a proper element
P ∈ M is called δ-primary if for all A ∈ M and a ∈ L, aA 6 P implies either
A 6 P or aIM 6 δ(P ).
The above definition is equivalent to the following:
Given an expansion function δ on an L-module M , a proper element P ∈ M is
called δ-primary if for all A ∈ M and a ∈ L, aA 6 P implies either A 6 δ(P ) or
aIM 6 P .
The reader can verify that given an expansion function δ on an L-module M ,
the function Eδ(A) : M −→ M defined as Eδ(A) = ∧{ J ∈ M | A 6 J and J is a
δ-primary element of M } for all proper elements A ∈ M with Eδ(IM ) = IM is an
expansion function on an L-module M .
Now we give characterizations of a δ-primary element of an L-module M .
5Theorem 2.4. Let M be a CG-lattice L-module, N ∈ M be a proper element and
δ be an expansion function on M . Then the following statements are equivalent:-
1. N is a δ-primary element of M .
2. for every r ∈ L such that r 
 (δ(N) : IM ), we have (N : r) = N .
3. for every r ∈ L∗, A ∈M∗ , if rA 6 N then either A 6 N or rIM 6 δ(N).
Proof. (1) =⇒ (2). Suppose (1) holds. Let Q 6 (N : r) be such that r 
 (δ(N) : IM )
for Q ∈ M, r ∈ L. Then rQ 6 N . As N is a δ-primary element of M and rIM 

δ(N), we have, Q 6 N and thus (N : r) 6 N . Since rN 6 N gives N 6 (N : r), it
follows that (N : r) = N .
(2) =⇒ (3). Suppose (2) holds. Let rA 6 N and r 
 (δ(N) : IM ) for r ∈ L∗,
A ∈M∗. Then by (2), we have, (N : r) = N . So rA 6 N gives A 6 (N : r) = N .
(3) =⇒ (1). Suppose (3) holds. Let aQ 6 N and Q 
 N for Q ∈ M,a ∈ L. As
L and M are compactly generated, there exist x′ ∈ L∗ and Y, Y ′ ∈ M∗ such that
x′ 6 a, Y 6 Q,Y ′ 6 Q and Y ′ 
 N . Let x ∈ L∗ such that x 6 a. Then (x∨x′) ∈ L∗,
(Y ∨ Y ′) ∈M∗ such that (x ∨ x′)(Y ∨ Y ′) 6 aQ 6 N and (Y ∨ Y ′) 
 N . So by (3),
(x∨ x′)IM 6 δ(N) which implies x 6 (δ(N) : IM ). Thus a 6 (δ(N) : IM ) and hence
aIM 6 δ(N). Therefore N is a δ-primary element of M .
Theorem 2.5. Let M be a CG-lattice L-module, N ∈ M be a proper element and
δ be an expansion function on M . Then the following statements are equivalent:-
1. N is a δ-primary element of M .
2. for every A ∈M such that A 
 N , we have (N : A) 6 (δ(N) : IM ).
3. for every r ∈ L∗, A ∈M∗ , if rA 6 N then either A 6 N or rIM 6 δ(N).
Proof. (1) =⇒ (2). Suppose (1) holds. Let A ∈ M be such that A 
 N . Let
a ∈ L∗ be such that a 6 (N : A). Then aA 6 N . As N is a δ-primary element
of M and A 
 N , we have, aIM 6 δ(N) which implies a 6 (δ(N) : IM) and thus
(N : A) 6 (δ(N) : IM ).
(2) =⇒ (3). Suppose (2) holds. Let rA ∈ N and A 
 N for r ∈ L∗, A ∈ M∗. Then
by (2), we have, (N : A) 6 (δ(N) : IM ). So rA 6 N gives r 6 (N : A) 6 (δ(N) : IM )
which implies rIM 6 δ(N).
(3) =⇒ (1). Suppose (3) holds. Let aQ 6 N and aIM 
 δ(N) for Q ∈ M,a ∈ L.
Then a 
 (δ(N) : IM ). As L and M are compactly generated, there exist x′, x ∈ L∗
and Y ∈M∗ such that x 6 a, x′ 6 a, Y ′ 6 Q and x′ 
 (δ(N) : IM ). Let Y ∈M∗ such
that Y 6 Q. Then (x∨x′) ∈ L∗, (Y ∨Y ′) ∈M∗ such that (x∨x′)(Y ∨Y ′) 6 aQ 6 N
and (x ∨ x′) 
 (δ(N) : IM ), i.e.(x ∨ x′)IM 
 (δ(N). So by (3), (Y ∨ Y ′) 6 N which
implies Y 6 N . Thus Q 6 N and hence N is a δ-primary element of M .
The following two results characterize the δ0-primary and δ1-primary elements
of an L-module M and relate them with prime and primary elements of M .
Theorem 2.6. Given an expansion function δ0 on an L-moduleM , a proper element
P of an L-module M is δ0-primary if and only if it is prime.
6Proof. The proof is obvious.
Theorem 2.7. Let L be a PG-lattice and M be a faithful multiplication PG-lattice
L-module with IM compact. Then given an expansion function δ1 on an L-module
M , a proper element P ∈M is δ1-primary if and only if it is primary.
Proof. Assume that a proper element P ∈ M is primary. Let aA 6 P and A 
 P
for a ∈ L, A ∈ M . Then as P is primary, we have a 6 √P : IM . So aIM 6
(
√
P : IM )IM = δ1(P ) and hence P is a δ1-primary element of M . Conversely,
assume that P is a δ1-primary element of M . Let aA 6 P and A 
 P for a ∈
L, A ∈ M . Then as P is δ1-primary, we have aIM 6 δ1(P ) = (
√
P : IM )IM . Since
IM is compact, by Theorem 5 of [6], it follows that a 6
√
P : IM and hence P is
primary.
Corollary 2.8. Every primary element of a multiplication L-module M is δ1-
primary where δ1 is an expansion function on M .
Proof. Refer first part of the proof of Theorem 2.7.
Clearly, every δ0-primary element of a multiplication lattice L-module M is δ1-
primary. But the converse is not true which is clear from the following example.
Example 2.9. Consider the lattice L of ideals of the ring R =< Z12 , + , · >.
Then the only ideals of R are the principal ideals (0),(1),(2),(3),(4),(6). Clearly,
L = {(0), (1), (2), (3), (4), (6)} is a compactly generated multiplicative lattice and L
is a module over itself. Also, L is a multiplication lattice module. It is easy to see
that the element (4) is δ1-primary but not δ0-primary.
We note that for radical elements of a multiplication lattice L-module M , every
δ1-primary element is δ0-primary. Also, in a multiplication lattice L-module M ,
every semiprime element is δ0-primary.
Now we define a semiprimary element in an L-module M .
Definition 2.10. A proper element N ∈M is said to be semiprimary if √N : IM
is a prime element of L.
According to Proposition 3.6 in [2], if N is a prime element of an L-module M
then (N : IM ) is a prime element of L. By Theorem 1 in [14], if Q is a primary
element of an L-module M then
√
Q : IM is a prime element of L. By Theorem 2.2
in [11], an element p ∈ L is δ0-primary if and only if it is prime. In view of these
3 results and Theorem 2.6 along with Corollary 2.8, we have the following corollary
which gives the link between the δ-primary elements of an L-module M and the
corresponding δL-primary elements of L.
Corollary 2.11. If A is a semiprimary element of an L-module M then
√
A : IM
is a (δ0)L-primary element of L. If Q is a p-prime element of an L-module M then
Q ∈ M is δ0-primary and p = (Q : IM ) ∈ L is (δ0)L-primary. Further, if Q is a
p-primary element of a multiplication L-module M then Q ∈ M is δ1-primary and
p =
√
Q : IM ∈ L is (δ0)L-primary.
7Proof. The proof is obvious.
The next theorem shows that a prime element of an L-module M is δ-primary.
Theorem 2.12. If δ and γ are expansion functions on an L-module M such that
δ(A) 6 γ(A) for all A ∈ M then every δ-primary element of M is γ-primary. In
particular, a prime element of M is δ-primary for every expansion function δ on
M .
Proof. Let P ∈ M be δ-primary and let aA 6 P for a ∈ L, A ∈ M . Then either
A 6 P or aIM 6 δ(P ) 6 γ(P ) which implies P is γ-primary. Next, let P ∈M be a
prime element. Then by Theorem 2.6, P is δ0-primary. For any expansion function
δ on M , we have P 6 δ(P ) and so δ0(P ) 6 δ(P ). Thus a prime element P ∈ M is
δ-primary for every expansion function δ on M .
Now we show that δ1(P ) 6 δ(P ) for every δ-primary element P ∈M .
Theorem 2.13. Let L be a PG-lattice and M be a faithful multiplication PG-lattice
L-module with IM compact. If δ is an expansion function on M such that δ(A) 6
δ1(A) for all A ∈M then for any δ-primary element P ∈M , δ(P ) = δ1(P ).
Proof. Assume that a proper element P ∈ M is δ-primary. For A ∈ M , let A 6
δ1(P ) = (
√
P : IM )IM . Since M is a multiplication lattice L-module, A = aIM for
some a ∈ L and so aIM 6 (
√
P : IM )IM . Then since IM is compact, by Theorem
5 of [6], we have a 6
√
P : IM . It follows that there exists a least positive integer
k such that akIM 6 P . If k = 1 then A = aIM 6 P 6 δ(P ). So let k > 1.
Clearly, ak−1aIM 6 P and a
k−1IM 
 P . Then as P ∈ M is δ-primary, we have
A = aIM 6 δ(P ). Thus in any case, we have A 6 δ(P ) and hence δ1(P ) 6 δ(P ).
But by hypothesis, δ(P ) 6 δ1(P ) and therefore δ(P ) = δ1(P ).
The following theorem is an interesting property of a δ-primary element of M .
Theorem 2.14. Let δ be an expansion function on an L-module M and P ∈M be
δ-primary. Then
1© (P : a) = P for all a ∈ L such that aIM 
 δ(P ).
2© (P : q) is a δ-primary element of M for all q ∈ L.
Proof. 1©. As P ∈ M is δ-primary, a(P : a) 6 P and aIM 
 δ(P ), we have
(P : a) 6 P . But P 6 (P : a) and hence (P : a) = P .
2©. Clearly, qP 6 P implies P 6 (P : q) and so δ(P ) 6 δ(P : q). Now let
aA 6 (P : q) but A 
 (P : q) for a ∈ L, A ∈ M . Then a(qA) 6 P and qA 
 P .
As P is δ-primary, we have aIM 6 δ(P ) 6 δ(P : q) and hence (P : q) is a δ-primary
element of M .
We conclude this section by the following result which shows that given a chain
of δ-primary elements of an L-mdoule M , their supremum is also δ-primary.
Theorem 2.15. Let {Pi | i ∈ △} be a chain of δ-primary elements of an L-module
M with IM compact where δ is an expansion function on an L-module M . Then the
element P = ∨
i∈△
Pi is also a δ-primary element of M .
8Proof. Since IM is compact, ∨
i∈△
Pi = P 6= IM . Let aA 6 P and A 
 P for
a ∈ L, A ∈M . Then aA 6 Pi for some i ∈ △ but A 
 Pi. As each Pi is δ-primary,
we get aIM 6 δ(Pi). Since Pi 6 P , we have δ(Pi) 6 δ(P ) and so aIM 6 δ(P ). Hence
P is a δ-primary element of M .
In the next section, we deal with the infimum of δ-primary elements of an L-
module M .
3 Special properties of δ0, δ1 and δ0-primary, δ1-primary
elements of M
Now we define expansion function on an L-moduleM with a special property namely;
the meet preserving property.
Definition 3.1. An expansion function δ on an L-module M is said to have meet
preserving property if δ(A ∧B) = δ(A) ∧ δ(B) for all A, B ∈M .
The following result which shows that given a finite number of δ-primary elements
of an L-module M then their meet (infimum) is also δ-primary if δ has the meet
preserving property.
Theorem 3.2. Let the expansion function δ on an L-module M have the meet
preserving property. If Q1, Q2, · · · , Qn are δ-primary elements of M and P = δ(Qi)
for all i = 1, 2, · · · , n then the element Q = ∧n
i=1
Qi is also a δ-primary element
of M .
Proof. Clearly,
∧
n
i=1
Qi = Q 6= IM . Let aA 6 Q and A 
 Q for a ∈ L, A ∈ M .
Then A 
 Qk for some k ∈ {1, 2, · · · , n} but aA 6 Qk. As each Qk is a δ-primary
element of M , we get aIM 6 δ(Qk). Now the meet preserving property of δ on M
gives δ(Q) = δ(
∧
n
i=1
Qi) =
∧
n
i=1
δ(Qi) = P = δ(Qk) and so aIM 6 δ(Q). Hence Q
is a δ-primary element of M .
Clearly, the expansion function δ0 on an L-module M has the meet preserving
property. To show that the expansion function δ1 on an L-module M has the meet
preserving property, we need the following lemma.
Lemma 3.3. Let L be a PG-lattice and M be a faithful multiplication PG-lattice
L-module. Then ∧
α∈△
(aαIM ) = ( ∧
α∈△
aα)IM where {aα ∈ L | α ∈ △}.
Proof. Clearly, ( ∧
α∈△
aα)IM 6 ∧
α∈△
(aαIM ). Let X 6 ∧
α∈△
(aαIM ) where X ∈ M . We
may suppose that X is a principal element. Assume that (( ∧
α∈△
aα)IM : X) 6= 1.
Then there exists a maximal element q ∈ L such that (( ∧
α∈△
aα)IM : X) 6 q. As M
is a multiplication lattice L-module and q ∈ L is maximal, by Theorem 4 of [6], two
cases arise:
9Case 1©. For principal element X ∈ M , there exists a principal element r ∈ L
with r 
 q such that rX = OM . Then r 6 (OM : X) 6 (( ∧
α∈△
aα)IM : X) 6 q which
is a contradiction.
Case 2©. There exists a principal element Y ∈ M and a principal element b ∈ L
with b 
 q such that bIM 6 Y . Then bX 6 Y , bX 6 b[ ∧
α∈△
(aαIM )] 6 ∧
α∈△
(aαbIM ) 6
∧
α∈△
(aαY ) and (OM : Y )bIM 6 (OM : Y )Y = OM , since Y is meet principal. As
M is faithful, it follows that b(OM : Y ) = 0. Since Y is meet principal, (bX :
Y )Y = bX ∧ Y = bX. Let s = (bX : Y ) then sY = bX 6 ∧
α∈△
(aαY ). So
s = (bX : Y ) = (sY : Y ) 6 [ ∧
α∈△
(aαY ) : Y ] = ∧
α∈△
(aαY : Y ) = ∧
α∈△
[aα ∨ (OM : Y )],
since Y is join principal. Therefore bs 6 b[ ∧
α∈△
[aα ∨ (OM : Y )]] 6 ∧
α∈△
[b[aα ∨ (OM :
Y )]] = ∧
α∈△
[(baα) ∨ b(OM : Y )] = ∧
α∈△
(baα) 6 b ∧ ( ∧
α∈△
aα) 6 ( ∧
α∈△
aα) and so
b2X = b(bX) = bsY 6 ( ∧
α∈△
aα)Y 6 ( ∧
α∈△
aα)IM . Hence b
2 6 (( ∧
α∈△
aα)IM : X) 6 q
which implies b 6
√
q = q, a contradiction.
Thus the assumption that (( ∧
α∈△
aα)IM : X) 6= 1 is absurd and so we must have
(( ∧
α∈△
aα)IM : X) = 1 which implies X 6 ( ∧
α∈△
aα)IM . It follows that ∧
α∈△
(aαIM ) 6
( ∧
α∈△
aα)IM and hence ∧
α∈△
(aαIM ) = ( ∧
α∈△
aα)IM .
Theorem 3.4. Let L be a PG-lattice and M be a faithful multiplication PG-lattice
L-module. The expansion function δ1 on an L-module M has the meet preserving
property.
Proof. Let A, B ∈ M . Now using property (2.17) of residuation in [9], we have
δ1(A ∧ B) = (
√
(A ∧B) : IM )IM = (
√
(A : IM ) ∧ (B : IM ))IM . But by prop-
erty (p4) of radicals in [15], we have (
√
(A : IM) ∧ (B : IM ))IM = (
√
A : IM ∧√
B : IM )IM . Hence by Lemma 3.3, δ1(A ∧ B) = (
√
A : IM )IM ∧ (
√
B : IM )IM =
δ1(A) ∧ δ1(B).
Now we define a meet prime element in an L-module M .
Definition 3.5. A proper element N ∈ M is said to be meet prime if for all
A, B ∈M , A ∧B 6 N implies either A 6 N or B 6 N .
To show that the expansion function δ2 on an L-module M has the meet pre-
serving property, we need the following lemma.
Lemma 3.6. Let L-module M be a multiplication module. Then every maximal
element in M is meet prime.
Proof. Let H ∈M be a maximal element and let A ∧B 6 H for A, B ∈M . Since
M is a multiplication lattice module, we have A = aIM and B = bIM for some
a, b ∈ L. Then abIM 6 aIM ∧ bIM 6 H where H being maximal is prime, by
Corollary 3.1 of [2]. But then by Lemma 3.1 of [2], H is semiprime which implies
either aIM = A 6 H or bIM = B 6 H and hence H is a meet prime element of
M .
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Theorem 3.7. Let M be a multiplication L-module. The expansion function δ2 on
an L-module M has the meet preserving property.
Proof. Let A, B ∈M . Let H1={H ∈M | (A∧B) 6 H, H is a maximal element}
and H2={H ∈M | A 6 H or B 6 H, H is a maximal element} where A, B ∈M
are proper. Then ∧H1 = δ2(A∧B). Now δ2(A)∧δ2(B) = (∧{H ∈M | A 6 H, H is
a maximal element})∧ (∧{H ∈M | B 6 H, H is a maximal element})=∧{H ∈M |
A 6 H or B 6 H, H is a maximal element}=∧H2. If H ∈ H2 then either A 6 H
or B 6 H. So A ∧ B 6 A 6 H or A ∧ B 6 B 6 H. Thus H ∈ H1 which implies
H2 ⊆ H1. If H ∈ H1 then A ∧ B 6 H. This implies that either A 6 H or B 6 H,
because by Lemma 3.6, H being a maximal element ofM , H is a meet prime element
of M . Thus H ∈ H2 which implies H1 ⊆ H2. Hence δ2(A ∧ B) = δ2(A) ∧ δ2(B) for
all A, B ∈M .
Now we will see special properties of δ0-primary and δ1-primary elements
in an L-moduleM by relating it with 2-absorbing and 2-absorbing primary elements
of an L-module M .
The interrelations among prime, primary, 2-absorbing and 2-absorbing primary
elements of M are given in following theorems whose proofs being obvious are omit-
ted.
Theorem 3.8. Every prime element of an L-module M is primary and 2-absorbing.
Theorem 3.9. If Q is a primary element of an L-module M then
√
Q : IM is a
prime element and hence a 2-absorbing element of L. Also, it is a 2-absorbing
primary element of L.
Theorem 3.10. If Q is a 2-absorbing element of an L-moduleM then both,
√
Q : IM
and (Q : IM) are 2-absorbing elements of L. Also, they are 2-absorbing primary
elements of L.
Theorem 3.11. Every 2-absorbing element of a multiplication L-module M is 2-
absorbing primary.
Theorem 3.12. Every primary element of a multiplication L-module M is 2-
absorbing primary.
Theorem 3.13. Let L be a PG-lattice and M be a faithful multiplication PG-lattice
L-module with IM compact. If Q is a 2-absorbing primary element of M then (Q :
IM ) is a 2-absorbing primary element of L and
√
Q : IM is a 2-absorbing element
of L.
Proof. Let abc 6 (Q : IM ) for a, b, c ∈ L. Then as ab(cIM ) 6 Q and Q is a
2-absorbing primary element of M , we have, either ab 6 (Q : IM ) or a(cIM ) 6
(
√
Q : IM )IM or b(cIM ) 6 (
√
Q : IM )IM . Since IM is compact, by Theorem 5 of [6],
it follows that, either ab 6 (Q : IM ) or ac 6
√
Q : IM or bc 6
√
Q : IM and hence
(Q : IM ) is a 2-absorbing primary element of L. By Theorem 2.4 in [8],it follows
that
√
Q : IM is a 2-absorbing element of L.
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Relating this concepts to the Theorems 2.6, 2.7 and Corollary 2.8, we get, fol-
lowing properties of δ0-primary and δ1-primary elements of an L-module M .
Theorem 3.14. Every δ0-primary element Q of an L-module M is primary and
2-absorbing where δ0 is an expansion function on M . Also then both,
√
Q : IM and
(Q : IM ) are 2-absorbing and hence 2-absorbing primary elements of L.
Proof. The proof follows from Theorems 2.6, 3.8 and 3.10.
Theorem 3.15. Every δ0-primary element Q of a multiplication L-module M is 2-
absorbing primary where δ0 is an expansion function on M . Also then (Q : IM ) is a
2-absorbing primary element of L provided M is a faithful multiplication PG-lattice
with IM compact and L as a PG-lattice. Further,
√
Q : IM is a 2-absorbing element
of L.
Proof. The proof follows from Theorems 2.6, 3.8, 3.12 and 3.13.
Theorem 3.16. Every δ1-primary element Q of a multiplication L-module M is
2-absorbing primary where δ1 is an expansion function on M .
Proof. Assume that a proper element Q of a multiplication L-module M is δ1-
primary. Let abN 6 Q for a, b ∈ L and N ∈ M . Then as Q is δ1-primary and
a(bN) 6 Q, we have, either bN 6 δ1(Q) or aIM 6 Q which implies either bN 6
(
√
Q : IM )IM or ab 6 (Q : IM ). Thus Q is a 2-absorbing primary element of M .
Theorem 3.12 can also be acheieved through Corollary 2.8 and Theorem 3.16.
Theorem 3.17. Let L be a PG-lattice and M be a faithful multiplication PG-lattice
L-module with IM compact. Let δ1 be an expansion function on M . If a proper
element Q of M is δ1-primary then (Q : IM ) is a 2-absorbing primary element of L
and
√
Q : IM is a 2-absorbing element of L.
Proof. The proof follows either from Theorems 2.7, 3.12 and 3.13 or from Theorems
3.16 and 3.13.
Note that, given an expansion function δ1 on a multiplication L-module M ,
δ1(N) is an element of M for all N ∈M . Now we will see properties of this element
δ1(N).
Theorem 3.18. Let δ1 be an expansion function on a multiplication L-module M .
Then for every prime element N of M , (
√
N : IM )δ1(N) 6 N 6 δ1(N).
Proof. Clearly, N 6 δ1(N). As N ∈M is prime, by Theorem 3.8, N is a 2-absorbing
element of M . Then from Corollary 2.13 in [12], (N : IM ) is a 2-absorbing element
of L. So by Lemma 2(iii) of [10], we have, (
√
N : IM )
2 6 (N : IM ) which implies
(
√
N : IM )(
√
N : IM )IM 6 (N : IM )IM . Thus (
√
N : IM )δ1(N) 6 N as M is a
multiplication module.
Theorem 3.19. Let a proper element N of a multiplication L-module M be p-
primary and 2-absorbing. Then p δ1(N) 6 N 6 δ1(N) where δ1 is an expansion
function on M .
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Proof. The proof runs on the same lines as that of the proof of above Theorem
3.18.
Theorem 3.20. For every proper element N of a multiplication L-module M , N 6
δ1((N : IM )N) and equality holds if N ∈ M is prime where δ1 is an expansion
function on M .
Proof. Since M is a multiplication lattice L-module, N = (N : IM )IM . As (N :
IM )
2IM = (N : IM )N , we have (N : IM ) 6
√
((N : IM )N) : IM which implies
N = (N : IM )IM 6 (
√
((N : IM )N) : IM )IM = δ1((N : IM )N). Now assume that
N ∈ M is prime. Then by Proposition 3.6 of [2], (N : IM ) ∈ L is prime. Let
r ∈ L be such that r 6
√
((N : IM )N) : IM . Then r
nIM 6 (N : IM )N 6 N for
some n ∈ Z+. Since N is prime and rn 6 (N : IM ), it follows that r 6 (N : IM ).
Thus
√
((N : IM )N) : IM 6 (N : IM ). Hence δ1((N : IM )N) 6 N . Therefore
N = δ1((N : IM )N) if N ∈M is prime.
Theorem 3.21. Let L be a PG-lattice and M be a faithful multiplication PG-lattice
L-module with IM compact. Then given an expansion function δ1 on M , ((δ1(N)) :
IM ) =
√
N : IM for every proper element N ∈M .
Proof. Since M is a multiplication L-module, δ1(N) = ((δ1(N)) : IM )IM and hence
((δ1(N)) : IM )IM = (
√
N : IM )IM . Since IM is compact, by Theorem 5 of [6], we
have, ((δ1(N)) : IM ) =
√
N : IM .
Lemma 3.22. For every qi ∈ L (i ∈ Z+) we have ∧
i∈Z+
√
qi =
√ ∧
i∈Z+
qi.
Proof. The proof is obvious.
Theorem 3.23. Let L be a PG-lattice and M be a faithful multiplication PG-
lattice L module with IM compact. Then given an expansion function δ1 on M ,
∧
i∈Z+
(δ1(Ni)) = δ1( ∧
i∈Z+
Ni) where {Ni ∈M | i ∈ Z+}.
Proof. By Lemma 3.22 and Lemma 3.3, we have δ1( ∧
i∈Z+
Ni) = (
√
( ∧
i∈Z+
Ni) : IM )IM =
(
√ ∧
i∈Z+
(Ni : IM ) )IM =( ∧
i∈Z+
√
Ni : IM )IM= ∧
i∈Z+
((
√
Ni : IM )IM ) = ∧
i∈Z+
(δ1(Ni)).
Now we relate the element δ1(N) ∈M with rad(N) ∈M ,the radical element of
M where N ∈M . According to definition 3.1 in [12], the radical of a proper element
N in an L module M is defined as ∧{P ∈ M | P is a prime element and N 6 P}
and is denoted as rad(N).
Theorem 3.24. Given an expansion function δ1 on a multiplication L-module M ,
δ1(N) 6 rad(N) for every proper element N ∈M .
Proof. The proof follows from Lemma 3.5 in [12].
Theorem 3.25. Let L be a PG-lattice and M be a faithful multiplication PG-lattice
L-module with IM compact. Then given an expansion function δ1 on M , δ1(N) =
rad(N) for every proper element N ∈M .
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Proof. The proof follows from Theorem 3.6 in [12].
Theorem 3.26. Let L be a PG-lattice and M be a faithful multiplication PG-lattice
L-module with IM compact. Let δ1 be an expansion function on M . If a proper
element N ∈M is 2-absorbing then δ1(N) is a 2-absorbing element of M and hence
a (3, 2)-absorbing element of M . Further, δ1(N) is a 2-absorbing primary element
of M .
Proof. The proof follows from Theorem 3.9, Theorem 2.18 in [12] and above Theo-
rems 3.25, 3.11.
Theorem 3.27. Let L be a PG-lattice and M be a faithful multiplication PG-lattice
L-module with IM compact. If a proper element N ∈ M is 2-absorbing then one of
the following statements hold true:
1. δ1(N) = pIM is a prime element of M such that p
2IM 6 N .
2. δ1(N) = p1IM ∧ p2IM and (p1p2)IM 6 N where p1IM and p2IM are the only
distinct prime elements of M that are minimal over N .
Proof. The proof follows from Theorem 3.10 in [12] and above Theorem 3.25.
Theorem 3.28. Let L be a PG-lattice and M be a faithful multiplication PG-lattice
L-module with IM compact. Let δ1 be an expansion function on M . Let {Ni ∈M |
i ∈ Z+} be 2-absorbing elements of M . If {δ1(Ni) ∈ M | i ∈ Z+} is (ascending or
descending) chain of elements of M then
1© ∧
i∈Z+
(δ1(Ni)) is a 2-absorbing and hence a 2-absorbing primary element of M .
2© ∨
i∈Z+
(δ1(Ni)) is a 2-absorbing and hence a 2-absorbing primary element of M .
Proof. The proof follows from Theorem 2.9 in [12] and above Theorem 3.26.
Theorem 3.29. Let L be a PG-lattice and M be a faithful multiplication PG-lattice
L-module with IM compact. Let δ1 be an expansion function on M . If N is a proper
element of an L-module M then (
√
N : K)K 6 δ1(N) for every proper element
K ∈M such that K 
 N .
Proof. Let K ∈ M be a proper element such that K 
 N . So (N : K) 6= 1.
Let P ∈ M be prime such that N 6 P . Then (P : K) ∈ L is prime such that√
N : K 6 (P : K) which implies (
√
N : K)K 6 (P : K)K 6 P . Thus whenever
P ∈ M is prime such that N 6 P , we have (√N : K)K 6 P . It follows that
(
√
N : K)K 6 rad(N) which implies (
√
N : K)K 6 δ1(N) by Theorem 3.25.
4 Expansion function δL on L and δL-primary element
of M
We have studied expansion function on L in [11]. Now given an expansion function
δL on L, we define δL-primary element of an L-module M .
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Definition 4.1. Given an expansion function δL on a multiplicative lattice L, a
proper element P of an L-module M is called δL-primary if for all A ∈ M and
a ∈ L, aA 6 P implies either A 6 P or a 6 δL(P : IM ).
Now we give some characterizations of δL-primary element of an L-module M .
Theorem 4.2. Let M be a CG-lattice L-module, N ∈ M be a proper element and
δL be an expansion function on L. Then the following statements are equivalent:-
1. N is a δL-primary element of M .
2. for every r ∈ L such that r 
 δL(N : IM ), we have (N : r) = N .
3. for every r ∈ L∗, A ∈M∗ , if rA 6 N then either A 6 N or r 6 δL(N : IM ).
Proof. (1) =⇒ (2). Suppose (1) holds. Let Q 6 (N : r) be such that r 
 δL(N : IM )
for Q ∈ M, r ∈ L. Then rQ 6 N . As N is a δL-primary element of M and
r 
 δL(N : IM ), we have, Q 6 N and thus (N : r) 6 N . Since rN 6 N gives
N 6 (N : r), it follows that (N : r) = N .
(2) =⇒ (3). Suppose (2) holds. Let rA 6 N and r 
 δL(N : IM ) for r ∈ L∗,
A ∈M∗. Then by (2), we have, (N : r) = N . So rA 6 N gives A 6 (N : r) = N .
(3) =⇒ (1). Suppose (3) holds. Let aQ 6 N and Q 
 N for Q ∈ M,a ∈ L. As
L and M are compactly generated, there exist x′ ∈ L∗ and Y, Y ′ ∈ M∗ such that
x′ 6 a, Y 6 Q,Y ′ 6 Q and Y ′ 
 N . Let x ∈ L∗ such that x 6 a. Then (x∨x′) ∈ L∗,
(Y ∨ Y ′) ∈M∗ such that (x ∨ x′)(Y ∨ Y ′) 6 aQ 6 N and (Y ∨ Y ′) 
 N . So by (3),
(x ∨ x′) 6 δL(N : IM ) which implies x 6 δL(N : IM ). Thus a 6 δL(N : IM ) and
hence N is a δL-primary element of M .
Theorem 4.3. Let M be a CG-lattice L-module, N ∈ M be a proper element and
δL be an expansion function on L. Then the following statements are equivalent:-
1. N is a δL-primary element of M .
2. for every A ∈M such that A 
 N , we have (N : A) 6 δL(N : IM ).
3. for every r ∈ L∗, A ∈M∗ , if rA 6 N then either A 6 N or r 6 δL(N : IM ).
Proof. (1) =⇒ (2). Suppose (1) holds. Let A ∈M be such that A 
 N . Let a ∈ L∗
be such that a 6 (N : A). Then aA 6 N . As N is a δL-primary element of M and
A 
 N , we have, a 6 δL(N : IM ) and thus (N : A) 6 δL(N : IM ).
(2) =⇒ (3). Suppose (2) holds. Let rA ∈ N and A 
 N for r ∈ L∗, A ∈ M∗. Then
by (2), we have, (N : A) 6 δL(N : IM ). So rA 6 N gives r 6 (N : A) 6 δL(N : IM ).
(3) =⇒ (1). Suppose (3) holds. Let aQ 6 N and a 
 δL(N : IM ) for Q ∈M,a ∈ L.
As L and M are compactly generated, there exist x′, x ∈ L∗ and Y ∈ M∗ such
that x 6 a, x′ 6 a, Y ′ 6 Q and x′ 
 δL(N : IM ). Let Y ∈ M∗ such that Y 6 Q.
Then (x ∨ x′) ∈ L∗, (Y ∨ Y ′) ∈ M∗ such that (x ∨ x′)(Y ∨ Y ′) 6 aQ 6 N and
(x∨x′) 
 δL(N : IM ). So by (3), (Y ∨Y ′) 6 N which implies Y 6 N . Thus Q 6 N
and hence N is a δL-primary element of M .
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In view of Theorems 2.6, 2.7, 2.12, 2.14, 2.15 and 3.2, we have the following
results.
Theorem 4.4. Given an expansion function δL on L, a proper element P of an
L-module M is (δ0)L-primary if and only if it is prime.
Proof. The proof is obvious.
Theorem 4.5. Given an expansion function δL on L, a proper element P of an
L-module M is (δ1)L-primary if and only if it is primary.
Proof. The proof is obvious.
The above two results characterize the (δ0)L-primary and (δ1)L-primary elements
of an L-moduleM and relate them with prime and primary elements of M . Clearly,
every (δ0)L-primary element of a multiplication lattice L-moduleM is (δ1)L-primary.
But the converse is not true which is clear from the example 2.9. It is easy to see
that the element (4) is (δ1)L-primary but not (δ0)L-primary.
In view of Theorems 3.14, 3.15, 3.16 and 3.17, we have following results.
Theorem 4.6. Every (δ0)L-primary element Q of an L-module M is primary and
2-absorbing where (δ0)L is an expansion function on L. Also then both,
√
Q : IM
and (Q : IM ) are 2-absorbing and hence 2-absorbing primary elements of L.
Proof. The proof runs on the same lines as that of the proof of Theorem 3.14.
Theorem 4.7. Every (δ0)L-primary element Q of a multiplication L-module M is
2-absorbing primary where (δ0)L is an expansion function on L. Also then, (Q : IM )
is a 2-absorbing primary element of L provided M is a faithful multiplication PG-
lattice with IM compact and L as a PG-lattice. Further,
√
Q : IM is a 2-absorbing
element of L.
Proof. The proof runs on the same lines as that of the proof of Theorem 3.15.
Theorem 4.8. Every (δ1)L-primary element Q of a multiplication L-module M is
2-absorbing primary where (δ1)L is an expansion function on L.
Proof. The proof runs on the same lines as that of the proof of Theorem 3.16.
Theorem 4.9. Let L be a PG-lattice and M be a faithful multiplication PG-lattice
L-module with IM compact. Let (δ1)L be an expansion function on L. If a proper
element Q of M is (δ1)L-primary then (Q : IM ) is a 2-absorbing primary element
of L and
√
Q : IM is a 2-absorbing element of L.
Proof. The proof runs on the same lines as that of the proof of Theorem 3.17.
In view of Theorems 2.12, 2.14, 2.15 and 3.2, we have following results.
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Theorem 4.10. If δL and γL are expansion functions on L such that δL(N : IM ) 6
γL(N : IM ) for each proper element N of an L-module M then every δL-primary
element of M is γL-primary. In particular, if N is a prime element of an L-module
M then (N : IM ) ∈ L is a δL-primary element for every expansion function δL on
L.
Proof. The proof runs on the same lines as that of the proof of Theorem 2.12.
Theorem 4.11. Let δL be an expansion functions on L. If a proper element P of
an L-module M is δL-primary then
1© (P : a) = P for all a ∈ L such that a 
 δL(P : IM ).
2© (P : q) is a δL-primary element of M for all q ∈ L.
Proof. The proof runs on the same lines as that of the proof of Theorem 2.14.
Theorem 4.12. Let δL be an expansion function on L. If {Pi | i ∈ △} is a
chain of δL-primary elements of an L-module M with IM compact then the element
P = ∨
i∈△
Pi is also a δL-primary element of M .
Proof. The proof runs on the same lines as that of the proof of Theorem 2.15.
According to [11], an expansion function δL on L is said to have meet preserving
property, if for all a, b ∈ L, δL(a ∧ b) = δL(a) ∧ δL(b).
Theorem 4.13. Let the expansion function δL on L have the meet preserving
property. If Q1, Q2, · · · , Qn are δL-primary elements of an L-module M and
r = δL(Qi : IM ) for all i = 1, 2, · · · , n then the element Q =
∧
n
i=1
Qi is also
a δL-primary element of M .
Proof. The proof runs on the same lines as that of the proof of Theorem 3.2.
We conclude this paper with the following result which shows that if an element
in M (or L) is δL-primary then its corresponding element in L (or M) is also δL-
primary.
Theorem 4.14. Let L be a PG-lattice and M be a faithful multiplication PG-lattice
L-module with IM compact. Let N be a proper element of an L-module M . Given
an expansion function δL on L, the following statements are equivalent:
1. N is a δL-primary element of M .
2. (N : IM ) is a δL-primary element of L.
3. N = qIM for some δL-primary element q ∈ L.
Proof. (1) =⇒ (2). Assume N is a δL-primary element of M . Let ab 6 (N : IM ) for
a, b ∈ L. Then a(bIM ) 6 N . As N is a δL-primary element of M , we have, either
bIM 6 N or a 6 δL(N : IM ) which implies either b 6 (N : IM ) or a 6 δL(N : IM )
and thus (N : IM ) is a δL-primary element of L.
(2) =⇒ (1). Assume (N : IM ) is a δL-primary element of L. Let aA 6 N and
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a 
 δL(N : IM ) for a ∈ L,A ∈ M . As M is a multiplication L-module, we have,
A = xIM for some x ∈ L. So aA 6 N implies ax 6 (N : IM ). Since (N : IM ) is a
δL-primary element of L and a 
 δL(N : IM ), we must have x 6 (N : IM ) which
implies A 6 N and thus N is a δL-primary element of M .
(2) =⇒ (3). Suppose (N : IM ) is a δL-primary element of L. Since M is a multi-
plication lattice L-module, by Proposition 3 of [6], we have, N = (N : IM )IM and
hence (3) holds.
(3) =⇒ (2). Suppose N = qIM for some δL-primary element q ∈ L. As M is a
multiplication lattice L-module, by Proposition 3 of [6], we have N = (N : IM )IM .
Since IM is compact, (2) holds by Theorem 5 of [6].
In view of above Theorem 4.14, we give the following corollary without proof.
Corollary 4.15. Let δL be an expansion function on L. If a proper element N of an
L-module M is δL-primary then (N : IM ) is a δL-primary element of L. Converse
holds if M is a multiplication lattice L-module.
Thus, a proper element N of a multiplication lattice L-module M is a
δL-primary element of M if and only if (N : IM ) is δL-primary element of
L.
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